
 

MATH 6021 Topics in Geometry I Lecture 1
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Minimal Surface Theory
Ek E M g minimal submanifold i.e TT E o

minimizers unstable critical pts to the area functional

existence regularity theory

geometric topological applications
Ref CM Ch 1

The Minimal Surface Equation
Consider the graph of a function W R IR B

Eu graphua 1 qcx.mx x c R
kn i Got

1 r III _Area Eu fitton dx
x a

Question Plateau

Given the value of u along 2N is there a graphu Iu

with smallest area

Note Such a minimizer if exists must be a critical pt
5of Area Eu I derivative o



1stvariation of area Graphical Eutty

Let M E C r compactlysupported in R
E

II utter I Felt Itlocuttrdx
Stokes

L r dx.yf.jo divfI 7d

If ddtfy.no Euttql oV YC CEcr then we have

dir Yi o MSE
indivergence form

Eg When n 3 MSE reads

Italy Uxx 1 HUE Uyy 2 UxUyUxy O

quasi linear ecliptic 2nd order PDE

Alternatively if we define Recall UK UCX Xn c

Gij Sig Ux Ux gii gig
U iuxj
It 10m12

MSE Su

Miyu
U j Diju
It 10h12 312

0

Csis YISp Diju o n

quis kn l Gc

gii 4 ir
Sz Xn o

x
when word fan Xi Xu i

are harmonic Oquxi O



Q non graphical case

First Variation Formula

et Ek E M g be a smooth immersed submanifold
ta

F Ex CE E M Smooth
Et ECCE

Et Ft FC t immersion ft

ap o I Fo E Fo E EI f Et2e Fo X

The 1st variation formula is

S2 X ddz 12 1 dive X dV CH

L 1

where IV a volume measure of E
K

dive X E COE X Ei
i i

Here L y g Levi Civita connection 7 on Mig

Ei O N B of TE

Write X XT 1 XN E TE N E then dive X Div XT tdivzXN

Rewrite the normal part n xnLTE

div XN a TeCT Ei It Eh Xn Te Ei

L XN El Te Ei L X Ek Te Ei

Hz
Def Its i 2 Pe Ei

N
mean curvature rector of IKE M



SE X divex t f dir XN
diveXT LX IIe

o if X122 0

cCor I is stationary for area among variations fixing 22
or compactly supported if I is non c.pt

defe
SE X o H X vector fields along 2 at X122 0

IIe o Deft 2hc Mng minimal submanifold

Remarks Ct makes sense for singular E

2 Sometimes 17 is defined with a differentsign
or normalized

3 IIE is the negativegradient of area functional
hence gives the direction of fastestdecrease

7 Mean Curvature Flow MCF

Proof of Ct
t
a

Setup F E C E C M F f o given immersion I
M

X F date FC it f E t Et
Xi Xp local word on 2

write Gij t S Fai Fog Ct induced metric on Et

ga Gija



Eel detgctfdx FEIL detscotdx

dVzUct

Goal compute U o

At 1 0 fix pc I assume WLOG GijCo p Sig Compute at pc E

Recall da log detach i g Ct Gig t

U'co I 1 logdetset I i S Co Sjco It 8iilo
gig

II LTE Fxi Fxi 7 El L O Fe Fxi TEX Eip
I X Xue t Ei Fxicp DivX Cpifromword

b

Examples in Ps3

1 Plane a totallygeodesic ie 2ndf f o

f
flat complete embedded

topologically IR

2 Helicoid Ct s t cross tsin s s

ruled complete embedded

topo IR
F l

3 Catenoid
rotationally symmetricZ coshZ
complete embedded

x topo annulus



Remark Up to 1970s these are the onlyknown examples of
complete minimal embedded surface with finite topologyinIR

There are many more c f Costa Hoffman Meeks

Kapouleas

higher dim't examples

complex submanifolds in

Pi Pnk E f CZ En I E Q l Pi Pu k o

where Pi Pmk are complexpolynomials

Recall Many theorems in Riem Geom come from 2nd variation

formula for length energy of geodesics So it's natural

to look at the 2nd variation for min submfd as well

2nd Variation Formula

et Ek E M be a min submfd i e IF2 0

As in 1st variation set It e Ft E generated by var field X

Et ASSUME X C TINE
o E ie X is normal to E

and X compactly supp away from 22

Then we have

S 2 X
o
Eel s X LX dv CAM

where L T NE TINE is the Jacobi operator



X D X t 4 Rmm Ei X Ei
N

Aij x Aij

Here Lig D is the Laplacian on NE i.e

N
s X Ei Oeioeixin Eh RoeEi5

Ii Rmm Riem curvature tensor of CM g
Iii Aij a Te Ej

N
vector valued 2nd f f of E

Civ E Enl o N B of TE

Def n E is stable if 2 X 30 t aptlySupp X

Note In general it's difficult to understand L in higher

dimensions Cf Tsai Wang 2020
1global unitnormal
Eu on 2Hypersurface case k n 1 p

Assume further NE is trivial ie E E M is 2 sided

L becomes a scalar operator ie acts on functions

global
Fu unitnom write X y En where 9 CCECE

f En EM Then

Aij hij En LY DEY Riom En.En ft IIA1129

hij TEXTE R Remark c Riem o mis E unstable

Ii HAIR I E unstable

On the other hand I stable control on 11A11

sometimes even pointwise



Remarks If E is compact then Lt has discrete spectrum
w rut Dirichlet boundary condition by elliptic PDE theory

i e I s Iz E Iz E E Am E too

Def't The Morse index of a min submfd I denoted

indCE i of negativeeigenvalues
of L w r t Dirichletcondition

1 Ii so 3

Nate I stable Ind E o C 1 L 3 O


